Inverse problem

Recover a discrete object from obs.

Gaussian mixture distribution
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Statistical guarantees

Near region Assumptions:

e Diagonal covariance matrices;
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e Component separation;

e Suitable choices of xk and .
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Result: The expected discrepancy in mass as-
signed to regions of the parameter space between
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\ DN ; 1) and a BLASSO solution p* scales as O (\/Lﬁ)
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</ Algorithm: CPGD
Goal: Approximate numerically the solution to the BLASSO.

\\ Limitation: Must discretize — J is no longer convex on the space of discrete measures.
Algorithm: Relies on Conic retraction and Natural gradient descent. Laoonal
A tion: £0is the density of a G . For diag
ssumption: " is the density of a Gaussian Notations: e.J ;L: Fréchet derivative of J at point L. covariance
mixture distribution. matrices

e V9. Riemannian gradient w.r.t. Fisher-Rao geometry:.

I V8. (t,U) =g )VJ’ (t,U) with g the metric tensor.
5 J = a; @0 o : ; : ETUTEET—
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’ di(s’tri)bution with mean ¢t € R and square “ e wk C > Weight update
: el 77kt k 17k I (4k TTE :
5 root of covariance U € SY (tj ) UJ’ ) (tj ) Uj) — pVeJ ;Lfg(tﬁ U j) > Location-scale update
i end for
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1 Sample from fO. ] & {1 3} 18 chosen k—H < Z +15 tkH,UfH)
with prob. a - then X;|7 ~ P(12,10)- end fOI‘ J
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- i // Numerical experiment
(zoal: Estimation of a Gaussian mixture model
Goal: Recover the parameters of the mixture from the data X, ..., X,,.

Parameters: Number of components p (unknown), (a;)5_;, (¢, U;)i_,

Convex | Do not require knowledge of p
Log-likelihood maximization (EM algo.) X X
BLASSO v v/

The goal is to recover the target measure ' =

J=1

2 it

Setting: Gaussian mixture in 2 dimen-
sions, diagonal covariance matrices.

2 target components.

We have access to n = 400 samples of the
target mixture.

Algo: Initialization with 3 particles.

The Beurling-LASSO (BLASSO)

Main idea: Embed the Gaussian mixture parameters into a measure:

p
(aj7 Ly, Uj)§:1 = U= Z &jé(tjan) '

15(?50 U?):

Loss function: Combines a data fidelity term and a reqularization term.

Data fidelity term: Ensures the estimate
fits the observations.

e Rewrite ' = @' with @ a linear map from
measures to functions.

e Construct an approximation y of f' from

the observations X1,..., X, (convolution

with Gaussian kernel).

e For any candidate measure pu, evaluate

| —yl|l; (L: Hilbert space).
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Regularization term: Promotes sparsity.
Total variation norm: for a discrete measure
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The BLASSO: Regularization parameter
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